The spherical genus and virtually planar graphs  by Negami, Seiya






Department of Information Science, Tokyo Institute of Technology, Oh-okayanuz, Meguro-Ku, 
Tokyo 152, Japan 
Received 5 May 1986 
Revised 24 June 1987 
The sphericaf genus sph(G) of a connected graph G is defined as the minimum number n 
such that there is an n-fold regular covering of G, n possMy inftnite, which IS planar. A graph 
G is said to be virtually planar if sph(G) is finite. We show that G is virtually planar if and only 
if 6 is either pknar or projective-planar nd that sph(G) = 1, 2 or 00. 
Let G be a simple, connected, finite graph with vertex set V(G) and edge set 
E(G). We denote the set of vertices adjacent o r~ E V(G) by: Y(u) and call it the 
neighbourhood of a vertex v. A graph G is called a covering of G with projection 
p:G-*G if there is a surjectionp:V(G)-*V(G) such thatp I,,,&V(~)+N(v) 
is a bijection for any vertex v E V(G) and 6 q-‘(v). A covering (? of G is 
possibly infinite but is assumed to be connected. The simpleness of a base graph 
G is needed only in order to formulate coverings easily in terms of combinatorics. 
A covering p : G-, G is said to be reg&r if there is a subgroup A of Aut(G) 
such that two vertices 21, u E V(G) project to the same vertex p(v) (=p(u)) of G 
when and only when some automorphism_ z E A carries v to u (t(v) = u). This 
group A is called the covering translation group of p : G+ G and a member of A 
is called a covering translation. (A regular graph is a graph whose vertices have 
constant degree, but a regular covering is not a covering which is a regular graph. 
Don’t confuse an r-regular graph and a regular covering.) 
For a subgroup A of ,4r?@), t&e ia 8 cmering p : G-* G with covering 
translation group A if and only if every member z E A, except the identity map, 
faes no vertex and no edge and z(u) + ti for any pair of neighbors u, w E N(v) of 
a vertex V. However, the last condition is not essential, only needed to assure that 
the base graph G is simple. 
Any covering p : &+ G of a connected graph G is associ;rted with a subgroup 
1i of the findumental group or the l-dimensional homotopy group q(G j of G as 
;A l-complex. It is regular if and only if H is normal in ~~(6) and its covering 
translation group is isomorphic to nl(G)/ vertex in F’(v) (v E 
corresponds to a coset of z,(G) modulo er of vertices in 
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P-~(V), say n, does not depend on the choice of vertices of G. We call this 
number II the ford number of the covering G or its projection JJ. If n is finite, 
p : e --) G is called an n-fold cw~,tir b, and otherwise an infinite one. (See [I21 for 
such a formulation ofcovering spaces in algebraic topology). 
Recently, Negami [9] has given a characterization of projective-planar graphs, 
that is, those nonplanar graphs which can be embedded in a projective plane, in 
terms of coverings. 
Theorem 1 (S. Negami). A nonplanar connected graph G is projective-planar if 
and en!y if there is a 2-fold covering p : G + G, e being planar. 
Our question iswhat we can say when the fold number “2” is changed to other 
numbers. If a connected graph G contains at least one cycle, then the universal 
covering of G, that is, the covering associated with the trivial subgroup of x1(G) 
is an infinite tree, and hence it is planar. Thus every graph admits a planar 
covering but possibly an infinite one. When is there a finite planar covering of a 
graph? Our purpose in this paper is to answer this question. 
The spherical genw of a connected graph G, denoted by sph(G), is defined as 
the minimum number n such that there is an n-fold regular covering G of G 
which is planar. Also the weak spherical genw, denoted by sph’(G), is defined in 
a similar way except hat we do not require G to be a regular covering. Since the 
universal covering of G is planar, sph(G) and sph’(G) are well-defined and we 
have the obvious inequality 
sph’(G) s sph(G) s 00. 
In particular, G is said to be (we&y) virtually planar if sph( G) (sph’( G)) is 
finite. 
One of our main goals is the following theorem. 
I%eorernn 2. A connected graph G is virtually planar zf and only if G is either 
pkzrzw or iwojective-planar. 
Our proof of this theorem is based on the well-known fact that the quotient of 
a sphere by a discrete group actio n’., with isolated singularities, i  either a sphere 
or a projective plane. So the problem is whether or not a covering raph G can 
be embedded in a sphere symmetrically with respect to its covering translation 
group. The uniqueness of duals of 3-connected planar graphs, proved by Whitney 
[I3], makes it possible if G is 3-connected, and G can be embedded naturally in 
the quotient of the sphere. This implies that G is either p!anar or projective- 
planar. Thus, what we should o in the category of graph theory is to estimate the 
connectivity ofG. This is the outline of our proof which is given through Sections 
1, 2 and 3. 
The spherical genus and weak spherical genus of a planar graph G obviously 
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are 1. Theorem 1 implies that sph(G) = sph’(Gj = 2 for any projective-planar 
graph G since any 20fold covering is regular. Thus sph(G) takes only three values 
by Theorem 2. 
Corollary 3. For any connected graph G, sph(G) = 1, 2 or =, 
In this paper, we shall not discuss on sph’(G) so much. However, we conjecture 
that sph(G) = sph’(G) and equivalently that there may be no gap betwee&i 
virtually planar graphs and weakly virtually planar graphs. In Section 4, we shall 
discuss anecessary and sufficient conditions for our conjecture to be true. 
Recently, Negami [lo] has defined the virtually k-factorability 2$(G) of a graph 
G and proved that E’(G) = 
ends of an infinite group is 
concept of covering spaces. 
i 1, 2 or m. Also Epstein [2] showed that the number of 
1, 2, or 00. All of these invariants are related to the 
Is there some unifying concept? 
P. Conmctivity of coverings 
In general, the connectivity K(G) of a covering G cannot be controlled with 
only information about a base graph G. It depends on how G covers G. For - 
example, Fig. 1 shows two different coverings G1 and Gz o! a common graph G 
with different connectivities (K(@ = 2, K(G) =c: 3, x(&) = 4) where the labels 
Fig. 1. 
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on vertices indicate their projections. However, we would like to assure that G is 
3-ccsbnnected under some assumption, and to discuss whether or not the 
exceptional case damages our proof of Theorem 2. 
I,et G be a connected graph with at least three vertices and assume that there is 
a non-cut vertex v E V(G) of degree 2 or more. Split the neighborhood N(V) of v 
into two nonempty subsets S and T (N(v) = S ‘J T, S n T = fl), and make it 
disjoint copies ZY& of the connected graph G - {v} with copies Si and Z& the 
subscripts i = 0, . . . , n - IL taken mod n. Let G,, denote tne graph obtained from 
HOU l l l U H,d_l by adding rt extra vertices vi each of which joins to all vertices in 
Si and T+l. Then we can define naturally a covering projection pn : e’+ G so 
that Hi and vi project to G - {v} and V, respectively. This covering pn : e’--, G is 
regular. Its covering translation group A, is cyclic and is generated by a 
translation which shifts Hi to Hi+*. We call p,, : G,, -+ G a cyclic chain covering. 
Clearly, any pair {vi, q} (i fj) is a 2-cut of G,,, that is, G’ - {vi, vi} is 
disconnected. Therefore. even if a graph G has arbitrarily high connectivity, it 
admits a finite regular covering which is not 3-connected. Notice that if G,, is 
planar, then G is planar. We can get a planar embedding of G from that of Gg, 
shrinking the outside part of HI into a point in the plane. 
Theorem 4. Let G be a connected graph and p : c-, G a finite regzdkr covering 
with translation group A of order n 3 2. [f G is 3-connected, then either e is 
3-connected or p : e + G is Q cyclic chain covering. 
Proof. Suppose that G is not 3-connected but is 2oconnected and let U = 
{u, v} c V(c) be a 2.cut of G. (When G is not 2+onnected, we follow the 
argument below, only replacing the 2-cut {u, v} by a l-cut (u}, and a 
contradiction will arise.) Let S be a subset of V(G) such that the induced 
subgraph (S) is a component of G - ZJ. Moreover, we assume that S is minimal 
with respect o inclusion among such subsets. That is, for another 2-cut U’, a 
component (S’) of G - U’ is contained in (S), then S’ = S. 
Let z E A be any covering translation. Then z(S) is also minimal in our sense. 
We consider how U and z(U) are p!aced in G. The 2-connectedness of G and the 
minimality of S and z(S) exclude many cases and there are only five possible 
cases which Fig. 2 shows visually. (Only routine work is needed to see this.) 
However, one of u and v, say u, would have degree 2 ir. case 5, and also p(u) 
would have degree 2 in G since p INo is a bijection. This is contrary to the 
assumption of G being 3-connected. Thus, the first four are the cases. Notice that 
tither r(S) n S = 8 or t(S) = S and that neither r(u) nor t(n) lies in S in each of 
these cases. 
Choose a vertex y’ E S and fix it, setting y =p(y’). Since G is 3_connected, 
G -p(U) is connected. Thus, there is a y -x path QX in G -p(U) for any vertex 
x E V(G) -p(U). Starting from jj and naturally tracing edges in G which project 
we can get a lift of QX and its terminal vertex $ projects to X. 
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Fig. 2. 
Since Qx does not meet P(U) and p(v), its lift (2, is a path in (S). Therefore, for 
any vertex x E V(G) -p(U), there is a vertex f E S such that p(f) =x. This 
implies that V(G) =p(S) up(U). 
Let fi denote the induced subgraph (S) and H =p(@. Since Z(U), t(v) $ S for 
any t E A, the restriction p I,& +H is a covering projection. If a vertex 
x E V(H) is adjacent to p(u), then any vertex x’ EP-‘(x) n V(k) is adjacent o a 
vertex of p-‘(p(u)) n U and knee p-‘(x) n V(A) consists of at most two 
vertices. Recall that the fold number is constant for all vertices of a base graph. 
Thus, p )&+H is an ;t most 2-fold covering. (When we deal with the l-cut 
{u}, p Ia: l?+ H is an isomorphism and there is no neighbor of u which does not 
belong to S. This implies that G = (S U (u} ) and p : c + G would be a 
one-to-one map, contrary to the assumption of its fold number XL) 
Let K be the induced subgraph (S U ?_I). Then V(G) = ureA V@(K)) and 
either z,(K) = t,(K) or z,(K) n r&K) c q(U) for any two translations rl, r2 E A. 
Furthermore, no distinct triple t,(K), x2(K), r&K) (rl, r2, r3 E A) meets at a 
vertex, say q(u); otherwise; p !NtziC?r)): N(r&))-* N(p(u)) would not be 
bijective. 
Suppose that p I@ is l-fold. If p(u) =p(v), then there is a translation z E A such 
that z(v) = U, and r(K) and K contact at u. Since no triple of transfers of K meet, 
{ti(K): k E Z} forms a cycl ic chain and t generates A. In this case, G can be 
obtained from K by identifying u and v to a single vertex, and p : c -+ G is a 
cyclic chain covering. 
If p(u) #p(v), then for any non-identity translation r E A, z(K) n K = 0. Since 
G is assuged to be connected, there is an edge e incident to u and to a vertex 
t(v) for some t EA. Thus, p(u) and p(v) are joined by the edge p(e) tnmJ 
p IK: K+ G -p(e) is an isomorphism. In this case, {t&(K): k E Z} are disjoint 
and are j&cd cyclically by edges {t”(e): k E Z}. egarding c as a chain of 
K U e, we can consider that p : G --) G is a cyclic chain covering. 
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Finally, suppose that p 1~ is 2-fold. Then u #U and p(u) =p(v). We can 
conclude similarly that {t’(K): k E E} are joined cyclically at vertices { tk(u): k E 
E}, so G forms a cyclic chain. However, p : e --) G would not be a covering 
projection because the fold number over p(u) and over a vertex in p(S) are 
different. The second is twice the first. Therefore, this case does not occur. Cl 
We remark that the assumption of G being 3-connected is used in the above 
proof only to assure the fact that G -p(U) is connected for the 2-cut U = {u, v) 
of G. If a graph G were only 2=connected, then this fact would not hold only 
when p(u) and p(v) are distinct and when they form a 2-cut of G. In this case, 
the restriction p 1 K is an isomorphism. Replace the part of p(K) in G by an edge 
and simultaneously each z(K) in G by an edge. Then a new covering of a new 
base graph will be obtained, and the 2-cut {u, V} will be eliminated. We can 
repeat this process until a base graph is transformed into either a 3-connected 
graph or a triangle K 3a Conversely speaking, any finite regular covering of a 
2-connected graph is constructed from either a 3-connected covering or a cyclic 
chain covering by replacing edges by graphs with two terminals under the 
symmetry of the translation group. 
2. Case of 3-connected graphs 
Hereafter, G is a virtually planar connected graph and p : e - G is an n-fold 
regular planar covering with translation group A of order n. First, we shall prove 
Theorem 2 under the assumption of G being 3-connected. By Theorem 4, if G is 
not 3-connected, then it forms a cyclic chain in a sphere and hence G is planar. So 
we can assume that both G and G are 3-connected. 
Here we use Whitney’s result [13] on duals of planar graphs. He showed that 
every 3-connected planar graph has a unique dual. This (or his proof precisely) 
implies two facts on spherical embeddings of a planar graph. One is that a 
3-connected planar graph is uniquely embeddable in a sphere and the other is 
that a 3-connected planar graph can be embedded in a sphere so that each 
automorphism of the graph extends to a homeomorphism of the sphere onto 
itself. We call an embed+- UI~ satisfying the second fact a $M##u~ embedding. 
(Hutchinson [S] calls a faithful embedding a Whitney embedding after his work. 
See [6-81 for more general formulations of the uniqueness and faithfulness of 
embeddings of graphs into surfaces.) 
By his result, our 3-connected planar graph G can be embedded faithfully in a 
sphere S* and we can regard the translation group A as a group consisting of 
some self-homesmorphisms h :S*+ S* such that h(G) = G. Since each home- 
qmorphism h E A has no fixed point on G, its tied points, if any, are contained in 
particular, we can assume that if a face R contains a fixed point 
as a rotation around x through some angle, and that 
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if R contains no tied point of h, then h(R) n R = 8. (A face R is an open 2J-cell in 
6-2 0. > 
Now consider the quotient of S2 by the action of the group A, say S2/A. That 
is, there is a continuous map 4 : S2+ S2/A such that for X, y E S2, q(x) = q(y) 
when and only when some homeomorphism h EA maps x to y. Since G is 
A-invariant in S2, G can be identified with q(G) and the restriction 4 1~ can be 
regarded as the covering projection p : c+ G. 
The quotient space S2/A admits the structure of a Zcell-complex with 
l-skeleton G. Its 2-cells are derived from faces of G in S2. If a face R does not 
contain a fixed point of any h E A, then 4 piles II faces of G onto one sheet of the 
241s and such a 2-cell is said to have branch index 1. If a face R contains a fixed 
point x of some h E A, then the set 23 of those homeomorphisms h E A which 
leave R invariant is a nontrivial cyclic subgroup of finite order, say i 3 2, and of 
index n/i in A, and a generator h of B rotates each point in R around x through 
2z/i. Thus, the 2-cell q(R) can be regarded as a cone with vertex &). Except 
one point q(x), the cone q(R) is i-fold covered by R and q-l(q(R)) has n/i 
components. Such a 2-cell q(R) is said to have branch index i and its exceptional 
point 4(x j is called a branch kms. Notice that each point y E S2/A has a 
neighbourhood homeomorphic to an open 2-cell, so S2/A is a closed surface. 
Now evaluate the Euler characteristic x(S2/A) of S2/A. Let bi be the number 
of its 2-cells of branch index i. Then we have: 
m 
dS21A) =X(G) + 2 bi, 
i=l 
where m stands for the maximum value of branch indices. On the other hand, we 
conclude the following from the above observation: 
x(S2) = nX(G) + 2 !!$ 
=n(~(G)~B~bi-l~2(d)bi) 
= n(X[S’/A) - z2 (1 -f3bi) = 2. 
Since the summatien in the last formula is not negative, x(S2/A) has to be 
positive. Recall that a closed surface with psitive Euler charae”Leristic is either- a 
sphere or a projective plane. Therefore, G is embedded in S2/A which is a sphere 
or a projective plane and hence G is planar or projective-planar. 
3. Case of non-konnected graphs 
In this section, we shall prove Theorem 2 when G is not 3-connected. In 
contrast with the previous proof, we have to carry nut a technical argument. 
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use induction on the number of vertices of G, assuming our result for 3-connected 
virtually planar graphs. Note that if C has at most six vertices, then it is either 
planar or projectivve=planar si ce the complete graph K6 can be embedded in a 
projective plane. 
When G is 3-connected, the previous argument works. So we suppose that G is 
not 3.connected but is 2-connected and use the same notations U = {u, v}, S, 
fi = (S), K = (S U U) and so on with the same assumptions a in the proof of 
‘I’heorem 4.We shall omit the case that G is not 2=connected, in order to avoid 
the repetition of a similar argument. We set Gz =p(K) +p(u)p(u) (or =p(K) if 
p(u) = p(v)). First, we shall show that G2 is planar. 
Embed G in a sphere S* in any way. Since G is 2=connected, there is a U-V 
path Q in e whose inner vertices are not contained in K, so the two distinct 
vertices u and v are placed on the boundary of a face R of K, but not of G. By 
the minimality of S, K + uv is 3=connected, so K + uv is faithfully embedded inS” 
if Q is regarded as the image of UU. 
As is observed in the proof of Theorem 4, we have three cases for the 
construction of p(K). The first case is that p(K) is isomorphic to K, and the 
second is that p(K) can be obtained from K by identifying u and V. In these cases, 
a planar embedding of G2 can be derived from the embedding of K + uv in S”. 
The third case is that K covers P(K) 2-fold. Let z : K + K be the unique 
covering translation and not be the identity map. Since r has to exchange u and 
?P r extends to an automorphism % : K + uv+ K + uv with Z(uv) = vu. 
Furthermore, f extends to an involution h :S** S* by the faithfulness of the 
embedding of K + uv. That is, h is a self-homeomorphism of S* such that 
h I;:sm,= Zand h* is the idemity map of 5”. Clearly, K + uv contains a unique 7 
fixed point of h in the middle of the arc uv and we can assume that the fixed point 
is isolated in Fix(h). This implies that h preserves the orientation of S*. By Smith 
theory [ll], the cyclic group (h) _f o or&r 2 acts on S* as a rotation arok\nd an axis 
through 180”, and hence the quotient S*/h of S* by this action is homeomorphic 
to a sphere. Therefore, G2 =p(K) can be embedded in the sphere S*/h via the 
projection from S* to S*/h. 
NOW let Gl be the graph obtained from G -p(S) by adding the edge p(u)p(v) 
(or G-p(S) itself if p(u)=p(v).) Since e contains a subdivision of a finite 
planar covering of Gl, Gl is virtually planar. By the induction hypothesis, Gi 
admits an embedding in either a sphere or a projective plane. Replace a 2-cell 
neighborhood f the edge p(u)p(v) by a planar embedding ofG2 (or add a planar 
embedding of G2 at the vertex p(u) (-p(v))) in such an embedding of G1. Then 
we can get an embedding ofG in a sphere or a projective plane and conclude that 
G is either planar or projective-planar. This completes the induction. 
Suppose that G splits into 6110 graphs GI and G2 so t&t V(G1) n V(G2) consists 
of at most wo vertices {u, v) and G = G1 U G2 (or = G1 13 Gz - uv). Then G is 
planar if and only if both G1 and G2 are planar. It is not so difficult o see that G 
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is projective-planar if and only if one of GI and C, is projective-planar and the 
other is planar. These facts and Theorem 2 imply the following result. 
Csm%q 5. A connected graph G, with the above .splitting, is virtually planm zf 
and only if one of GI and G2 is virtually planar and the other is planar. 
4. 43bservatisns 
Here we shall discuss the gap between virtually planar graphs and weakly 
virtually planar graphs. If there is a weakly virtually planar graph G which is not 
virtually planar, then sph’(G) must exceed 2. We have never found such a graph 
and conjecture that there is no such graph. Theorem 2 suggests that we have to 
discuss the topology of the projective plane to solve our conjecture positively or 
negatively. 
It is well known in group theory that every subgroup of finite index in a group 
contains a normal subgroup of finite index. This implies that for every irregular 
finite covering p : G --) G, there is a finite covering q : lb c such that p 0 q : k- 
G is a q@x covering. If the planarity of G were hereditable to k, there would 
be no problem for our conjecture. However, the covering in Fig. 3 denies such a 
Fossibility . 
In general, a graph G is said to be irreducible for a closed surface F2 if G is not 
embeddable in F2 and if every proper subgraph of G is embeddable in r2. It is 
well-known as Kuratowski’s theorem that only the complete graph KS and the 
complete bipartite graph K 3,3 are irreducible for the plane or the sphere, up to 
subdivision. Classically, Kagno [4] showed many irreducible graphs for the torus 
and for the projective plane. Glover, Huneke and Wang [3] have found 103 
distinct irreducible graphs for the projective plane and Archdeacon [l] has proved 
that their list is complete. 
The following theorem tells us that a counterexample to our conjecture, if any, 
hides among the 103 irreducible graphs for the projective plane. 
Fig. 3. 
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Theorm 6. There exists no weakly virtually planar graph which is not virtually 
planar if and only if no irredxible graph for the projective plane is weakly 
virtually planar. 
hd’. Neces.sity is clear by Theorem &. 3 ‘IO show sumciency, let G be the smallest 
counterexample to our conjecture, that is, such a one that has the fewest vertices 
and fewest edges. If G has a cut edge e, then G decomposes into two disjoint 
non-planar graphs G1 and Gz joined by e. Let G/e be the graph obtained from G 
by contracting e. Then G/e is weakly virtually planar since any planar covering of 
G with all the lifts of e contracted is a planar covering of G/e. Since it is not 
virtually planar by Corollary 5, G/e also is a counterexample to our conjecture 
but is smaller than G, a contradiction. Therefore, G is 2-edge-connected and 
G - e is connected and virtually planar for any edge e E E(G). (Recall that we do 
not consider coverings of disconnected graphs.) By Theorem 2, G - t (e E E(G)) 
is embeddable in the projective plane and hence G is irreducible for the 
projective plane. R 
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